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Abstract

One of the open problems in metric fixed point
theory is: Does every equivalent renorming of
the classical Banach space (¢, ||.|l) have the
weak fixed point property? In this paper, we
present some equivalent renormings of
(co, |- Il o) with the weak fixed point property and
also give an alternative proof for the weak fixed
point property of (cg, || |o)-
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1. Introduction

Let K be a nonempty closed bounded convex
subset of a normed linear space X. A mapping
T:K —» K is said to be nonexpansive if ||Tx —
Ty|| < ||x — y|| for all x,y € K. The set K is said to
have the fixed point property (fpp) if every
nonexpansive self-mapping on K has a fixed
point in K. We say that X has the fpp if every
closed bounded convex subset of X has the fpp
and also we say X has the weak fixed point
property (wfpp) if every weakly compact convex
subset of X has the fpp. In general, a closed
bounded convex subset of a Banach space X need
not have the fpp [6]. In 1965, kirk [13] showed
that every Banach space with normal structure
has the wfpp. It is known that every compact
convex subset of a Banach space has normal

structure [6].

Also, every uniformly convex Banach space has
normal structure [6]. In 1976, Karlovitz [7]
proved that normal structure is not an essential
condition for the wfpp of a Banach space.
Thenceforth, numerous authors have studied
various types of geometric conditions which give
rise to the wipp for a Banach space (one can

refer [1, 5, 6, 9, 14]).

“Does every Banach space have the wfpp?” was
an unsolved problem in metric fixed point theory
for a long time. In 1981, Alspach [3] showed
that L,[0,1] does not have the wfpp. It is known
that ¢, with the sup norm does not have the fpp
[6]. However, in 1981 Maurey [2] proved that ¢,
with the sup norm has the wfpp. Note that ¢,
with the sup norm does not have normal
structure [6]. It is unknown whether every
equivalent renorming of (cy, || |l,) has the wipp
or not. Another open question in metric fixed
point theory is “Do all reflexive spaces have the
fpp?” To know more about all these open

problems one can refers [1, 4- 6, 8-9, 12, 14-15].
In this paper, we prove the following;:

Let (X,|.|Dbe a Banach space and {e,} be a
Schauder basis of X. Suppose {f,} is the
associated sequence of coordinate functionals.
Let |.| be a norm on X such that (X,]|.|) be an
equivalent renorming of (X, ||. ). Then (X, |. | has
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the wifpp if there is a non negative integer

Nsatisfying the following condition:

Let x € X and |x| > a, for some a > 0. Then
there exist positive integers j,m and non

negative integers n, < n, < --- <n,, such that
1] 2= [fjen, @] + -+ [fj4n,, @] > a,

[x —z| = |fj+n1(x —2)|++ |fj+nm(x - 2)|,vz
€EX

where (n,, —n;) < N.
In addition we prove the following:

Let (X,].|) be a Banach space and {e,} be a
normalized Schauder basis of X. Suppose {f,} is
the associated sequence of coordinate
functionals. Define, |.| is a norm on X such that
Il = AGOL+ -+ 1fiCol + sup ) a1, for

all x € X,where i > 1 is an integer. Suppose

(X,|.]) is a Banach space. Then (X, |.|) does not

have normal structure but has the wipp.

From the above, we give examples of some
equivalent renormings of (cy, ||. || )with the wfpp
and we derive an alternate proof for the wfpp of

the classical Banach space (cg, || || 0)-

2. Main results

Let C be a nonempty weakly compact convex
subset of a Banach space and T be a
nonexpansive map on C.

Definition 2.1. A nonempty weakly compact
convex subset K of C is said to be minimal
invariant under T if K is invariant under Tand
no proper nonempty weakly compact convex
subset of K is invariant under T.

Obviously, if T has a fixed point x in C, then {x}
is a minimal invariant set under T. The following
theorem ensures the existence of a minimal
invariant set for a nonexpansive map which is a
consequence of Zorn's lemma

Theorem 2.2. [6] Let C be a nonempty weakly
compact convex subset of a Banach space X. Let
Tbe a nonexpansive map on C. Then there exists
a weakly compact convex subset K of C which is
a minimal invariant set under T.

Definition 2.3. A sequence {x,} in C is said to
be an approximate fixed point sequence (afps) of
Tif ||x, — Tx,|| » 0. The existence of such a
sequence is a result of Banach contraction
principle.

Theorem 2.4. [6] Let C be a nonempty closed
bounded convex subset of a Banach space X and

T be a nonexpansive map on C. Then T has an
afps in C.

In general, an afps need not converge to a point
inC. But if an afps converges to a point x in
C,then x is a fixed point of T.

The next theorem is known as Goebel Karlovitz
lemma [7].

Theorem 2.5. [7] Let X be a Banach space. Let
K be a nonempty weakly compact convex subset
of X and T:K - K be a nonexpansive map.
Suppose K is minimal invariant under T and
{x,} is an afps of T in K. Then rlll_)rg | %, — x|| =

diam(K), forall x € K.

The above theorem shows that the behaviour of
an afps is quite unusual. But this unusual
behaviour is not too bad either. Actually, this
behaviour is very useful for the study of wipp of
a Banach space.

The following theorem is an important result in
the direction of wfpp due to Maurey [2] .

Theorem 2.6. [2, 16] Let K be a nonempty
closed  bounded convex subset of a Banach
space X. Suppose T:K — K is a nonexpansive
map and {x,}, {y,} are afps of T. Then there
exists an afps {z,} of Tsuch that

. diam(K)
limsupllx, = z,ll < ———
. diam(K)
limsuplly, — Il < ———
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In 1948, Brodskii and Milman [10] introduced
the idea of normal structure to study the
existence of fixed points of isometries.

Definition 2.7. [6,10] A nonempty convex
subsetK of a Banach space X is said to have
normal structure if for every closed bounded
convex subsetS of K with diam(S) > 0, there
exists x €S such that r,(S) = supf{|lx —y||:y €
S} < diam(S).

The following theorem yields a characterization
of normal structure.

Theorem 2.8. [6] A nonempty bounded
convex subset Kof a Banach space X has normal
structure if and only if it does not contain a non
constant sequence {x,} such that

lim dist (x,,41,c0{x1, X3, e, X3 })

n—-oo
.=diam{xy, x5, ..., X, .- }-

Let X be a Banach space and {e,} be a Schauder
basis of X.Let x € X. Then there exists a unique
sequence of scalars {a,} such that x =
Y a, e,.The support of x with respect to {e,} is
supp(x) = {n € N: a,, # 0}. For each n € N,define
fn: X > R as f,(x) = a,, Vx € X. Then {f,} is the
associated sequence of coordinate functionals
with respect to the Schauder basis {e, }. If {e,} is
a normalized Schauder basis that is ||e, || = 1, ¥n,
then {f; } is uniformly bounded [11].

The next lemma is a modification of Proposition
0.14 given in [1].

Lemma 2.9. [1] Let (X, ||. ||)be a Banach space
with Schauder basis {e,} and let N be a non
negative integer. Suppose {x,} is a sequence in
Xwhich converges weakly to 0. Then there is a
subsequence {x,} of {x,} and a sequence
{u,}such that

@ en, =] = 0

(it) There exist positive integers Ny, Ny, ..., Ny, ...
such thatN,_; + N < N, k=12, ... and
supp(uy) © (Ni_q, N ] where  (Ny_y, Nl ={j €
N:Nk—l <] S Nk}

Proof: Let {PB,} be the sequence of natural
projections with respect to Schauder basis {e,}.
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Let {e }rso be a sequence of positive real
numbers converging to 0.

Let ny € N. Then ||B,(xn,) —xp,[| 20 as n—
oo.Therefore there exists a N, € N such that

1Py () = %n, | < €0,

Now ||Py,(x,)|| = 0 as n — . So there exists a
ny > ng such that ||Py, (x,,)|| < €x.

Again ||Pn(xn1) — xn1|| —0as n— oo,

Therefore there exists a N; > N, + N such that
1Py (e, ) = 2, || < e

Now since ||Py,(x,)|| » 0 as n — co. So there

exists a n, > n, such that ||Py, (x,,)|| < e,

Continuing this process we get ny, <n; < --- <
n, < --and N, < N; < --- < N, < --- such that

||PNk(xnk) - xnk” < & and ”PNk—l(xnk)” < €-

Let w, = (Py, — Py,_,)(%n,)- Then ||x,, —u| <
||PNk(xnk) - xnk” + ”PNk—l(xnk)” < 2¢€.

Therefore  ||x,, —w|| >0 and supp(w) c
(Nk—l' Nk]' Nk—l + N < Nk,k = 1,2,

Theorem 2.10. Let (X, ||.|]) be a Banach space
and {e,} be a Schauder basis of X. Suppose {f,}
is the associated sequence of -coordinate
functionals. Let |.|be a norm on X such that
(X,].D) be an equivalent renorming of (X, ||.|D-
Then (X,|.]) has the wfpp if there is a non
negative integer N satisfying the following
condition:

Let x€X and |x| > a, for some a > 0. Then
there exist positive integers j,m and non
negative integers n, < n, < --- < n,, such that

] 2 [fjan, O]+ 4 [framn (O] > @,

X = 2| = |fisn,(x = 2)| + = + |fjsn,, (x — 2)|, Vz
eEX

where (n,, —n;) <N.

Proof: Suppose (X, |.|) does not have the wipp.
Then there exists a nonempty weakly compact
convex set Kand a nonexpansive map T:K — K
which has no fixed point in K. Assume thatKis
minimal invariant and diam(K) = 1.



Let {x,}bean afpsof Tin K.

Without loss of generality assume that 0 € K and
{x,} converges weakly to 0.

By Lemma 2.9, there is a sequence {u,}and a
subsequence {x,, } of {x,,} such that |x,, —u;| -
0 and supp(uy) © (Ny_4, N;], where N,_; + N <
N k=12, ..

Now, {x} and {x,,,,} are afps of T. Then by
Theorem 2.6, there exists an afps{z,} such that

limsup|xnk -z < %,limsup|xnk+2 -z < %

. 14.
Therefore, limsup|uy, — 2| < E,hmsuplukJr2 -

1
< =
Zk|—2-

Now by Goebel Karlovitz Lemma (Theorem 2.5),
|zy —x| - 1,forall x € K.

Let0 <e < i. Choose, k, € N such that
1
|2k, | > (1 — €), |ur, — 2z, | < Ste

|uk0+2 - Zk0| < %'{‘ €.

So, by the assumption, there exist positive
integersj, m and non negative integers n, < n, <
--- < n,, such that

|Zko| = |f]'+n1(zk0)| +oet |f}'+nm(zk0)| >1-¢
|2y = 2| = |fjn, (2 = 2)| + -+ + [fin (2, —
z)],

for all z € X, where (n,,, —n;) <N.

Now, |ff+"l1(uk0)| +oet |f]'+nm(uko)| =
|ff+n1(zk0)| +oet |f]'+nm(Zko)|

_|f]'+n1(zk0 _uk0)| +oet |f}'+nm(zko - uko)l

> (1—6)—|uk0—zk0| > (1—6)—(§+6) >0
Similarly |fjin, (ugs2)| + -+ |finm (icgr2)| >

0. Since|fjsn, (ui, )| + - + | fi+n,, (ux,)| > 0 there
exists n, such that|fj,, (ug, )| > 0.

So, j + 1y € (Niy—1, N, 1

Also since, |fjin, (wige2)| + + + |fong (Wegs2)] >
0. There exists ng such that | fj, (ux,+2)| > 0. So,
Jj + 15 € (Niggs1, Nigg 42]-

Now, Ny, + N < Ny 4;. Thus, we have |[n,—
ng| > N,which is a contradiction.

Corollary 2.11. Let (X,||.||) be a Banach space
and {e,} be a normalized Schauder basis of X.
Suppose{f,,} is the associated sequence of
coordinate functionals. Define, |.| is a norm on
X such that |x| = sup,|f(X)|, for all x € X.
Suppose (X,|.|) is a Banach space. Then (X, |.])
does not have normal structure but has the

wfpp.

Proof: Since {e,} is a normalized Schauder
basis, there exists a M > 0 such that [|f,]| <
M,vn € N.  Therefore |x| =sup, . |fa(¥)| <
M||x]l. Now since (X,]|.|) is a Banach space, by
Open mapping theorem (X, |.|)is an equivalent
renorming of (X, ||.|D.

Let K =cof{eq, e, -, ey - }. Then K is a closed
bounded convex set with diam(K) > 0in (X, |.|).
Now le, —en] =1, m #n. Therefore
diam{e, e;,++,ep, -} = 1.

Nowlim dist (e;,1, co{es, ez, e,}) =

n—-oo

diam{e,, -, ey, - }.Hence by characterization of
normal structure (Theorem 2.8), K does not
have normal structure. Therefore (X,|.|) does
not have normal structure.

Now let x € X and |x| > a, for some a > 0.
Then there exists a positive integer j such that
x| = [£;(0)] > a,
|x — z| > |f;(x — 2)| for allz € X.

Now by taking N = 0,m = 1,n; = 0, in Theorem
2.10, we get the conclusion.

Example 2.12. Consider (¢, |.|lo) with the
standard Schauder basis {e,}, where e, =
(x(1),x(2),---,x(n),-),x(n) = 1,x(i) = 0,i #
n.Suppose {f,} is the associated sequence of
coordinate functionals. Then |x| =
sup,, oyl fn ()| = sup, .y [x()| = ||lx||o,for all x €
¢. Then by Corollary 2.11, (cg,|l.|l)does not
have the normal structure but has the wipp.

Example 2.13. Consider (c,, |.|), where |x| =
sup, y (x| + |x(n + D] + -+ [x(n + 1)), for
all x € ¢y, and i > 11is an integer. Then |.|is an
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equivalent norm of |.||l.. Let {e,} be the
standard Schauder basis of (¢, |l-llo) and {f;}
be the associated sequence of coordinate
functionals, where e, =
(x(1),x(2),,x(n),-),x(n) =1,x() =0,i #
nand f,(x) = |x(n)|,Vx € ¢,

Now let x € ¢, and |x| > a, for some a > 0.
Then there exists a positive integer j such that

x| = [f;)] + -+ |fi+:(0)]| > a,

Ix —z| = |f;(x — 2)| + - + | fj+:(x — 2)| for allz
€ ¢y,

Now by taking N=im=(+1),n, =0,n, =
1,..,n, =i, in Theorem 2.10, we get (¢, |.|)
has the wfpp.

Let K =co{x,:n e N} = E{€1+(n_1)(i+1):n € N}.
Then K is a closed bounded convex set with

diam(K) > 0in (cg,|.]). Now |x, — x| =1,m #
n.Therefore diam{x,,x,,*,%p, -} =1.

Now lim dist (xp41,c0{x1, %5, , %})

n—o0o
=diam{xy, -, X, }-

Hence by characterization of normal structure
(Theorem 2.8), K does not have normal
structure.

Theorem 2.14. Let (X,||.||) be a Banach space
and {e,} be a normalized Schauder basis of
X.Suppose {f,} is the associated sequence of
coordinate functionals. Define, |.| is a norm on
Xsuch that x| = 0]+ -+ |fi()] +
supnz(iﬂ)lfn(x)l,for all x € X, where i = 1 is an
integer. Suppose (X,|.|) is a Banach space.
Then (X,|.]) does not have normal structure but
has the wfpp.

Proof: Since {e,} is a normalized Schauder
basis, there exists a M > 0 such that |[|f,] <
M,vn € N.Therefore |x| = |fi(x)]| + -+ |fi(x)| +

Supnz(i.,.l)lfn(x)l
< (i + DM||x||, vx € X.

Now since (X,|.|) is a Banach space, by Open
mapping theorem (X,|.|) is an equivalent
renorming of (X, ||. |D.
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Let KZE{xpxz:'”:xn:'“}:
co{eir1,€ir2 " r €iamy - 1 Then K is a closed
bounded convex set with diam(K) > 0in (X, [.]).
Now [x, — xn| = 1,m # n.Therefore
diam{xy,x,,+,xp, -} = 1.

Now lim dist (x4, co{x1, X5, , X })

n-oo
.= diam{x;, x5, Xp, -}

Hence by characterization of normal structure
(Theorem 2.8), K does not have normal
structure.

Suppose (X,].]) does not have the wfpp. Then
there exists a nonempty weakly compact convex
set Kand a nonexpansive map T:K — K which
has no fixed point in K. Assume that K is
minimal invariant and diam(K) = 1.

Let {x,} be an afps of T in K. Without loss of
generality assume that 0 € Kand{x,} converges
weakly to 0.

By Lemma 2.9, there is a sequence {u,}and a
subsequence {x,, } of {x,} such that |x,, —u;| -
Oand supp(uy) € (Ny_,Ni], where Ny_; +i<
N k=12, ..

Now, {x,} and {x,, ,} are afps of T. Then by
Theorem 2.6, there exists an afps {z, }such that

. 14, 1
hmsup|xnk - zk| < E,hmsup|xnk+2 — zk| =3
Therefore,

limsup|uy, — z;| < i,limsuplu,ﬁ2 —z| < %

Now by Goebel Karlovitz Lemma (Theorem 2.5),
|z, — x| — 1, forall x € K.

Let0 <e < i. Choose, k, € N(k, > 1) such that
1
|Zk0| >(1-e), |uk0 - Zk0| < 5 t €, |uk0+2 - Zkol

<_
2+€

So, there exists a positive integer j = (i + 1) such
that [z, = |fi(2,)] + -+ + [fi(20,)] + | (20 )| >
(1-e),
|Zko _Z| = |f1(Zk0 - Z)| +oot |fi(zko - Z)l
+ |f}'(zko - Z)|’



forall z € X.
Now, [f ()| + =+ [fi (i, )| + | ()

= |fi(zio)| + -+ fi(z0)| + 13 (2]
_|f1(zko - uko)' toeet |fi(zk0 _uk0)| +
|fi(zko _uk0)|

1
>1-€) - |uk0 —Zk0| > (1—6)—<§+E) > 0.
Similarly,
|fj (uig+2)| > 0.

Since  |fy (ui,)| + -+ [fiwey)| + [fi (uii,)| > 0,
and supp(ux,) © (Niy—1, Ni, ], Nigy—1 > i, we have
| (k)| > 0. Also |f (wigs2) |+ + |fi(igs2) | +
|fj (uiy+2)| > 0, implies |f; (ug,+2)| > 0.

This is a contradiction.

(g w2)| -+ [ | +

Example 2.15. Consider (cg,|.|lo) with the
standard Schauder basis {e,}, where e, =
(x(1),x(2),--,x(n),-),x(n) =1,x({) =0,i +
n.Suppose {f,} is the associated sequence of
coordinate functionals. Define, |.| is a norm on
Co such that|x| = [x(D)| + -+ [x(D)]| +
sup,..; +1)Ix(n)l, for all x € cy,where i =1 is an
integer. Then |.| is an equivalent norm of ||. .
Therefore (cy,|.|) is a Banach space. Now

lx[ = |x(D] + -+ [x@D] + sup,, ;) |x ()]
=SR]+ + 1] +sup, ) @,
forall x € ¢,

Hence by Theorem 2.14, (cy,|.|)does not have
normal structure but has the wfpp.

Example 2.16. Consider (¢, || |[|,) and let {e,}
be the standard Schauder basis, where e, =
(x(1),x(2),-++),x(n) = 1,x(i) = 0,i # n. Define,
[.[] is a norm on ¢, such that |x|=
max{asup, y|x(n) + x(n + |, bllx|l.} for all
X € ¢y, where a > 0,b > 0.

Let K =cof{xy, x5, X, } =
cof{e,, e, €2n, - 1. Then K is a closed bounded
convex set with diam(K) >0 in (¢, |.|). Now
|, — x| = max{a, b}, m # n. Therefore
diam{x,, x5, , Xy, } = max{a, b}.

Now lim dist (x4, co{xq, X3, , X))

n—oo
=diam{xy, x5, -, Xp, 0 ;-

Hence by characterization of normal structure
(Theorem 2.8), K does not have normal
structure.

Suppose (cg,|.]) does not have the wfpp. Then
there exists a nonempty weakly compact convex
set Kand a nonexpansive map T:K — K which
has no fixed point in K. Assume that K is
minimal invariant and diam(K) = 1.

Let {x,} be an afps of T in K.Without loss of
generality assume that 0 € K and {x, }Jconverges
weakly to 0.

By Lemma 2.9, there is a sequence {u,}and a
subsequence {x,,} of {x,} such that |x,, —u;| -
Oand supp(uy) € (Ny_1,Ni,] where Ny_; +1<
Ne k=12, ..

Now, {x,} and {x,, ,} are afps of T. Then by
Theorem 2.6, there exists an afps {z;} such that

. 1,. 1
11msup|xnk -z < Ehmsup|xnk+2 -z < >
Therefore,

. 1. 1
limsup|uy, — z,| < E,hmsuplu“2 -zl <3

Now by Goebel Karlovitz Lemma (Theorem 2.5),
|z, — x| — 1, forall x € K.

Let0 <e < i. Choose, k, € N such that

|zk0| > (1—¢), |uk0 - zko| < %+ €, |uk0+2 - zk0| <

Zte.

2

Now |zko| = max{asupneN|zk0 () + z,(n +
DI, bl 3

Suppose  asup, |z, (1) + z,(n + 1| > 1 —€.

Then there exists a j such that

a|zk0(j) + 24, (G + D|>1-e
Now a|uk0(j) +u, G+ 1)| > a|zko(j) +
Zko(j + 1)| - a|(zko - uko)(j) + (Zko - uko)(j +
1)| >(1—6)—|uk0—2k0| > (1—6)—<%+6)>
0
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S0 |uk, () + g, G + 1)| > 0.
Similarly |uk0+2(j) + Upy2(G + 1| >o.
This is a contradiction since Ny, + 1 < Ny 4.

In a similar way, we can get a contradiction if
||zk0||OO > (1-¢).

Remark 2.17. Consider (I%,].]),1<p< o
(where |.| as in Example 2.12 or 2.13 or 2.15 or
2.16) and let K be a weakly compact convex
subset of (I%,|.]). Suppose T:K - K is a
nonexpansive mapping. Then K is a weakly
compact convex subset (cg, |. |). Since (¢, |.|) has
the wipp, T has a fixed point in K. Hence
(IP,].),1<p <o has the wfpp. Note that
(I%,].1),1 < p < 0 is not a Banach space.

Remark 2.18. We don't know in Theorem 2.8,
if the assumption “(X,|.]) is an equivalent
renorming of (X, ||.||)” can be dropped or not.
So, the following question arises.

Question: Does (C[a,b],|.]) have the wipp?,
where|x| = sup, _|f(x¥)|, forallx € C[a, b]and

{f.}is the associated sequence of coordinate
functionals concerning a Schauder basis {e,} of
(Cla, b, |- lls)-Note that (C[a, b], . |ls) does not
have the wfpp, since every separable Banach
space is isometrically isomorphic to a subspace

of (Cla, b, l-1le)-
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