
Research Article Journal of Scientific Enquiry
Vol: 6, Pages: 20-28

Comparative Analysis of Cramer’s Rule and Machine-Learned
Solvers for Small-Scale Linear Systems under Clean and Noisy
Conditions

Md. Sifuzzaman1,⋆, Md. Ayon Mia2, Md. Anisur Rahman Pramanik1, Rabeya Sarker3

1Department of Computer Science & Engineering, Dhaka International University (DIU), Satarkul, Badda,
Dhaka-1212, Bangladesh
2Department of Computer Science & Engineering, Southeast University, 252, Tejgaon Industrial Area, Dhaka -
1208, Bangladesh
3Department of Business Administration, Dhaka International University (DIU), Satarkul, Badda, Dhaka-1212,
Bangladesh

⋆Corresponding Author. E-mail address: zaman001217@gmail.com

Received: 06.03.2026; Accepted: 18.06.2026; Published online: 31.08.2026
DOI: https://doi.org/10.54280/jse.260802

Abstract: In this work, a comprehensive comparison of classical analytical methods and traditional machine
learning (ML) techniques has been made in terms of solving systems of small linear equations in dimensions
n = 2, 3, and 4 where the exact analytical solutions are still feasible to compute. The established ML models
included the Cramer’s Rule for performance comparison and analysis. The seven regression models were tested
on the projected experimental data set. For evaluation and performance score, different metrics such as the
Mean Absolute Error and the Root Mean Square Error were implemented, as well as the relative error and the
computation time. The Cramer’s rule was executed solely in the noise-free environment due to the basic feature
of accuracy loss in numerical perturbation. Our findings demonstrate that although Cramer’s Rule retains
close-to-optimum accuracy in the ideal condition, the numerical stability significantly deteriorates in the noisy
cases; in contrast, the ensemble-based results, and specifically Random Forest and XGBoost, demonstrate higher
predictability, better perturbation resilience, and relatively fast computational times. Therefore, data-driven
solvers may present viable and viable option to conventional numerical computations when the measurements
are uncertain, observations are noisy, or variables are unobservable or when the computational resources are
limited. In this respect, our work adds to the literature on machine learning applications in numerical analysis
and provides data for hybrid computational methods to be applied in practice.

Key words: Cramer’s Rule, Small-scale linear systems, Numerical robustness, Noisy data analysis, Supervised
machine learning.

1 Introduction

Linear systems of equations are founda-
tional in numerous fields of science and en-
gineering, with applications ranging from
control theory and structural mechanics
to data fitting, signal processing, and ma-
chine learning [1]. The general form of
a linear system is: A x = b, where
A ∈ Rnxn is a coefficient matrix, x ∈ Rn

is the unknown vector, and b ∈ Rn is
the known output vector. This formula-
tion serves as the basis for a wide spec-

trum of analytical and numerical method-
ologies. A number of traditional “exact”
solvers, such as Gaussian elimination, LU
decomposition, and Cramer’s Rule, have
been used for an extended period of time
to compute solutions to these systems [2].
Among them, Cramer’s Rule is of par-
ticular interest because of the elemen-
tary manner of its derivation: it is based
on determinants and is both theoreti-
cally elegant and educationally clear. It
guarantees exact solutions when the co-
efficient matrix is non-singular and well-
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conditioned. However, its practical appli-
cability is limited by factorial time com-
plexity (O(n!)) and numerical instability
in the presence of near-singular matrices
or floating-point round-off errors [3]. As
system size increases, the cost of comput-
ing determinants renders this method in-
efficient for real-world problems, particu-
larly when compared with more scalable
direct and iterative methods. With the
proliferation of high-performance comput-
ing and access to large datasets, machine
learning (ML) techniques have emerged
as viable alternatives to traditional nu-
merical solvers, especially in cases where
model generalization and data-driven in-
ference are advantageous [4-5]. In particu-
lar, supervised regression methods can be
trained to approximate the inverse map-
ping: f : (A,B) → x, learning from ex-
amples rather than computing explicit al-
gebraic transformations.

Despite these advances, the utility of ML-
based solvers for low-dimensional linear
systems remains largely unexplored. Most
existing research focuses on large-scale,
sparse, or time-dependent systems [6-7],
overlooking practical scenarios where sys-
tems of size n = {2, 3, 4} arise, such
as embedded systems, sensor networks, or
robotic controllers [8-9]. In such appli-
cations, trade-offs between precision, ro-
bustness to noise, and runtime become
paramount, especially under resource con-
straints. However, systematic comparative
evaluations between ML models and classi-
cal exact solvers like Cramer’s Rule under
these constraints are still lacking.

This paper presents a comprehensive
comparative study between Cramer’s
Rule and a suite of supervised
machine-learned regression models,
including Linear Regression, Ridge Re-
gression, Random Forest, XGBoost, Sup-
port Vector Regressor (SVR), K-Nearest
Neighbors (KNN), and Multi-Layer Per-
ceptron (MLP). The evaluation spans both
clean and noisy data scenarios across sys-
tem sizes n = 2, 3, 4, aiming to quan-
tify how well data-driven models approx-

imate classical solvers under varying de-
grees of perturbation. To our knowledge,
this is the first study that systematically
benchmarks learned solvers in such low-
dimensional regimes against exact analyt-
ical baselines.
The contributions of this work are as fol-
lows:

� We develop a unified framework for
both exact and learned solvers on
small-scale linear systems, ensuring
consistency in metric computation
and data generation.

� We introduce Gaussian noise in both
the coefficient matrix and the output
vector to model real-world imperfec-
tions and evaluate solver robustness
under a noisy environment.

� We perform a detailed profiling of per-
formance across error metrics (MAE,
RMSE, relative error) and runtime,
revealing the advantages and chal-
lenges of different ML models in the
context of deterministic solvers.

2 Related Works

The use of machine learning (ML) mod-
els as alternatives or complements to tradi-
tional linear solvers has gained notable at-
tention in recent years, particularly in sci-
entific computing domains. Several stud-
ies have demonstrated the efficacy of deep
neural networks (DNNs) in solving sys-
tems of linear equations derived from dis-
cretized PDEs or physics-based models.
For instance, Jiang et al. [10] developed
a residual-based DNN for PDE-driven sys-
tems, achieving solution errors below 10-
7 while offering improved scalability over
classical solvers. Similarly, Gu and Ng
[11]proposed DNNs with sublinear param-
eter complexity to approximate solutions
to large sparse systems. Antony et al.
[12] introduced Linel2D-Net for linear elas-
ticity problems using U-Net architectures,
and Xiao et al. [13] demonstrated the ef-
fectiveness of CNN-based solvers in fluid
simulation scenarios. These works confirm
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that deep learning architectures can serve
as competent solvers in high dimensional
and spatially structured systems. How-
ever, most studies focus on large-scale ap-
plications and do not explore the behavior
of ML solvers on low-dimensional systems,
where analytical methods like Cramer’s
Rule offer exact and efficient solutions.

A growing body of research explores the
hybridization of ML and classical methods
to achieve faster convergence or improved
stability. Cui et al. [14] presented a neural
augmented iterative solver using spectral
corrections learned by a lightweight net-
work, resulting in convergence rates inde-
pendent of grid scale. Markidis [15] bench-
marked Physics Informed Neural Networks
(PINNs) against multigrid solvers and con-
cluded that PINNs are better suited as
initializers or surrogate models than full
solvers. In dynamic settings, zeroing neu-
ral networks (ZNNs) have emerged as ro-
bust solvers for time-varying systems. No-
tably, Tavakkoli et al. [9] proposed a
noise-tolerant RNN-based solver for time-
varying matrix inversion, while Zhao et al.
[16] and Li et al. [17] extended ZNN frame-
works with fixed-time and segmented acti-
vation dynamics to enhance noise resilience
and convergence speed. Other variants,
such as fuzzy logic-integrated ZNNs Guo
et al. [18] show promising robustness un-
der measurement noise. These develop-
ments collectively support the viability of
recurrent and hybrid neural solvers in dy-
namic, uncertain environments, particu-
larly where classical methods degrade in
stability.

Despite these advances, a clear gap re-
mains in the literature concerning small-
scale linear systems (e.g., n = 2, 3,
4). While machine learning has been ap-
plied to large sparse systems and nonlin-
ear PDEs, few works benchmark ML re-
gressors, such as Random Forests, Support
Vector Regression (SVR), Ridge Regres-
sion, or XGBoost as direct solvers for com-
pact linear systems. Arslan and Bozyigit
[19]surveyed ML models for solver rec-
ommendation but did not evaluate them

for direct prediction tasks. Related stud-
ies Chen et al. [20] and Weymouth [21]
emphasized acceleration in large systems
but excluded the trivial-size regime. Fur-
thermore, traditional error metrics such as
MAE, RMSE, and inference time are in-
consistently reported across methods. Our
work addresses this underexplored niche
by rigorously evaluating classical regres-
sion models, tree-based ensembles, ker-
nel methods, and neural networks on low-
dimensional linear systems under both
clean and noisy conditions. By compar-
ing their performance to Cramer’s Rule, a
ground truth exact solver, we provide new
insights into the efficacy, robustness, and
practical limitations of ML solvers in fun-
damental linear algebra tasks.

3 Methodology

3.1 Problem Formulation

This study investigates the comparative
performance of traditional analytical and
modern machine-learned solvers in solving
small-scale linear systems of the form:

Ax=B (1)

where A ∈ Rnxn is a square coefficient ma-
trix, x ∈ Rn is the unknown vector, and
b ∈ Rn is the known right-hand side. The
focus is restricted to low-dimensional sys-
tems with n ∈ {2, 3, 4}, representing the
practical boundary whereCramer’s Rule
remains computationally feasible.
The central objective is to examine
whether machine-learned models can offer
comparable or superior accuracy, robust-
ness, and speed in solving these systems
under both ideal and noisy conditions.

3.2 Dataset Generation

For each value of n, two datasets were syn-
thetically generated:

� A clean dataset containing exact so-
lutions.

� A noisy dataset with Gaussian per-
turbations applied to both A and b.
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Each sample was created by:

1. Sampling a random matrix A from
the standard normal distribution.

2. Generating a random ground-truth
vector xtrue.

3. Computing b = Axtrue.

4. For noisy data, inject Gaussian noise:

A′ = A+N(0, σ2), (2)

b′ = b+N(0, σ2), (3)

where σ = 0.05. Each configuration con-
sisted of 5000 training samples and 1000
test samples, with a fixed random seed to
ensure reproducibility.

3.3 Cramer’s Rule Solver

Cramer’s Rule solves each component of
the solution vector using the expression:

xi =
det(Ai)

det(A)
(4)

where Ai is obtained by replacing the i-
th column of A with b. The method is
exact in the absence of round-off error,
but becomes unstable when det(A) is near
zero. To ensure valid evaluation, any ma-
trix A with |det(A)| < 10−12 was con-
sidered nearly singular and excluded from
Cramer’s Rule experiments.

3.4 Machine-Learned Solvers

To approximate the mapping from the pair
[vec(A),b] to the solution vector x, multi-
ple supervised regression models were em-
ployed. The following models were imple-
mented and compared:

� Linear Regression (LR): Ordinary
least squares without regularization.

� Ridge Regression: Linear model
with L2 regularization to improve sta-
bility under noise.

� Random Forest: An ensemble of
100 decision trees trained with boot-
strap aggregation.

� XGBoost: Gradient-boosted deci-
sion trees optimized for accuracy and
regularization.

� Support Vector Regressor
(SVR): A kernel-based model using
the RBF kernel for non-linear regres-
sion.

� K-Nearest Neighbors (KNN):
A non-parametric model using Eu-
clidean distance in the input space.

� Multi-Layer Perceptron (MLP):
A feedforward neural network with
two hidden layers (64 units each),
ReLU activation, and Adam opti-
mizer for 300 epochs.

All models were trained on clean data and
evaluated on both clean and noisy test sets
to assess generalization ability and robust-
ness to perturbations.

4 Results and Discussion

This section evaluates the performance
of analytical and machine-learned solvers
across small-scale linear systems for both
clean and noisy datasets. The experiments
focus on accuracy, robustness, and compu-
tational efficiency, providing a comparative
analysis for n ∈ {2, 3, 4}.

4.1 Evaluation Metrics

The following metrics are employed to as-
sess the performance of each solver in
terms of accuracy and computational ef-
ficiency.
Mean Absolute Error (MAE).
Quantifies the average magnitude of devi-
ation between the predicted and true solu-
tion components:

MAE =
1

n

n∑
i=1

|xi − x̂l| (5)

It represents the average absolute differ-
ence between the true solution xi and the
estimated value x̂l, providing a straightfor-
ward measure of accuracy that is less sen-
sitive to outliers.
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Root Mean Square Error (RMSE).
Defined as:

RMSE =

√√√√ 1

n

n∑
i=1

(xi − x̂l)2 (6)

This metric penalizes larger deviations
more heavily, making it suitable for evalu-
ating models where large errors are partic-
ularly undesirable.
Relative Error (RelErr).
Measures the normalized deviation of the
estimated solution from the true solution:

RelErr =
||x̂− x||2
||x||2

(7)

It provides a scale-invariant measure of
accuracy, enabling fair comparison across
systems with different magnitudes of x.
Time Per Solve (ms).
The average computational time required
to solve one instance of a linear system is
measured in milliseconds:

Tavg =
1

N

N∑
j=1

tj (8)

where t j denotes the wall-clock time taken
for the j -th test case and N is the total
number of test samples. This metric cap-
tures the runtime efficiency of each solver.

4.2 Results Analysis

Results on clean data.
The comparative performance of machine-
learned and exact solutions on clean linear

systems spanning dimensions n = 2,3,4 is
summarized in Table 1. While Cramer’s
Rule is deterministic and depends on pre-
cise arithmetic, it produces almost zero er-
ror across all assessed metrics, including
MAE, RMSE, and Relative Error. How-
ever, due to the factorial complexity in-
volved in calculating matrix determinants
and adjugates, its time per solve increases
with dimensionality. Among the machine-
learned approaches, XGBoost and Ran-
dom Forest exhibit notably lower error
rates than their linear counterparts, in-
dicating their superior capacity to model
complex patterns, even in small systems.
While Linear and Ridge Regression are ex-
tremely fast and stable, their error values
remain consistently higher, revealing limi-
tations in approximating systems not well,
aligned with their assumptions of linear-
ity and feature independence. KNN and
SVRmethods offer mixed results; although
they show some ability to capture struc-
ture, their runtime and relative errors sug-
gest lower scalability and sensitivity to in-
put configurations. MLP models perform
reasonably well in balancing accuracy and
efficiency but are slightly less effective than
ensemble methods. Overall, these obser-
vations confirm that, in the absence of
noise, ensemble learners, especially XG-
Boost, provide the best trade-off between
accuracy and computational cost when ex-
act solutions like Cramer’s Rule are infea-
sible for higher dimensions.

Results on noisy data.
The findings for noisy linear systems are
shown in Table 2, where each solver’s per-
formance has been evaluated under rela-
tively small input data perturbations. In
light of its numerical instability, Cramer’s
Rule is not appropriate in this situation;
even slight variations in input values can
substantially affect the determinant, mak-
ing solutions unreliable. All error met-
rics across models and dimensions gen-
erally rise when noise is present. How-
ever, ensemble-based techniques Random

Forest and XGBoost in particular, con-
tinue to show great robustness and dis-
play comparatively slower accuracy decline
than other techniques. This robustness
is attributed to their inherent averaging
mechanisms and ability to capture fea-
ture interactions. Although Ridge Regres-
sion and Linear Regression perform almost
identically with short inference intervals,
they frequently result in systematic under-
fitting because they are unable to suffi-
ciently account for the added noise. Par-
ticularly for SVR, which suffers from costly
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Table 1: Performance comparison of exact and machine-learned solvers on clean linear systems of size
n=2,3,4. Metrics include MAE, RMSE, Relative Error, and Time per Solve (ms). Bold values indicate
the best performance per metric.

n Metric
Method

Cramer Linear Ridge RF SVR KNN MLP XGB

2

MAE 2.40e-16 0.791 0.791 0.171 0.399 0.356 0.265 0.178
RMSE 8.40e-16 0.993 0.993 0.240 0.579 0.506 0.381 0.255
RelErr 3.47e-16 0.997 0.997 0.227 0.518 0.534 0.431 0.278

Time (ms) 0.0322 0.00023 0.00020 0.0405 0.378 0.0383 0.0012 0.0155

3

MAE 9.34e-16 0.799 0.799 0.223 0.443 0.471 0.402 0.174
RMSE 1.18e-14 1.008 1.008 0.292 0.622 0.618 0.518 0.241
RelErr 1.04e-15 1.001 1.001 0.273 0.562 0.618 0.553 0.244

Time (ms) 0.0370 0.00026 0.00024 0.0405 0.724 0.249 0.0014 0.0226

2

MAE 8.66e-16 0.799 0.799 0.245 0.407 0.529 0.433 0.141
RMSE 3.75e-15 1.002 1.002 0.314 0.583 0.680 0.554 0.194
RelErr 1.15e-15 0.999 0.999 0.305 0.536 0.673 0.573 0.198

Time (ms) 0.0448 0.00025 0.00021 0.0400 1.010 0.163 0.0012 0.0311

Table 2: Quantitative evaluation of machine-learned solvers on noisy linear systems of size n = 2, 3, 4.
Metrics reported are Mean Absolute Error (MAE), Root Mean Square Error (RMSE), Relative Error
(RelErr), and average Time per Solve (ms). Cramer’s Rule is omitted due to its numerical instability
under noise. Bold values highlight the best-performing method for each metric.

n Metric
Method

Linear Ridge RF SVR KNN MLP XGB

2

MAE 0.793 0.793 0.999 0.996 1.033 1.095 1.052
RMSE 0.996 0.996 1.250 1.239 1.291 1.368 1.313
RelErr 1.006 1.006 1.679 1.662 1.767 1.901 1.819

Time (ms) 0.00027 0.00024 0.0466 0.388 0.0410 0.0012 0.0121

3

MAE 0.798 0.798 0.958 0.968 0.964 1.051 1.034
RMSE 1.008 1.008 1.203 1.220 1.217 1.328 1.306
RelErr 0.999 0.999 1.310 1.328 1.332 1.485 1.446

Time (ms) 0.00027 0.00027 0.0490 0.742 0.252 0.0013 0.0170

4

MAE 0.803 0.803 0.923 0.953 0.920 1.011 1.015
RMSE 1.008 1.008 1.163 1.204 1.161 1.275 1.282
RelErr 1.003 1.003 1.207 1.262 1.209 1.349 1.357

Time (ms) 0.00032 0.00028 0.0479 1.024 0.112 0.0012 0.0632
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kernel evaluations, models such as KNN
and SVR suffer from substantial efficiency
drops, elevated error values, and increased
time costs. MLP models show sensitivity
to both hyperparameter adjustment and
data scale, however they are still somewhat
competitive but less consistent across di-

mensions. These findings collectively re-
veal that ensemble learners offer the best
empirical trade-offs in terms of error tol-
erance and scalability for small-scale, per-
turbed systems, even though no approach
is completely impervious to noisy inputs.

Visual Insights into Model Performance.
The variation in Mean Absolute Error
(MAE) and Root Mean Square Error
(RMSE) for all analyzed approaches across
various system sizes is shown in Figure
1 and Figure 2, respectively. The illus-
trations provide a better grasp of each
model’s performance trajectory and sup-
port the tabular data. Cramer’s Rule rou-
tinely exhibits almost zero error, which
is consistent with its deterministic accu-
racy in clean linear systems. As dimen-
sionality increases, XGBoost and Random

Forest exhibit the most stable and ad-
vantageous error profiles among machine-
learned solvers. Specifically, XGBoost
shows a little decrease in MAE of about
20% from n=2 to n=4, indicating its re-
silience and flexibility even as system com-
plexity increases. In contrast, linear mod-
els such as Linear and Ridge Regression
maintain nearly flat error curves, indicat-
ing stable yet suboptimal approximation
capacity due to their inherent assumptions
about feature linearity and independence.

Figure 1: MAE comparison of solvers across system sizes n = 2, 3, 4.

Figure 2: RMSE comparison of solvers across system sizes n = 2, 3, 4.

SVR and KNN show more erratic tenden-
cies in all dimensions; when n increases
from 2 to 4, SVR’s RMSE increases by
more than 60% and KNN’s MAE increases

by more than 48%. These trends point to
deteriorating generalization performance
for techniques that are sensitive to high-
dimensional distributions and data shape.
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Despite having competitive early perfor-
mance, the MLP model gradually deteri-
orates in both MAE and RMSE metrics,
underscoring its reliance on architectural
adjustment and data volume. Importantly,
RMSE trends magnify these distinctions
by emphasizing larger deviations in predic-
tion error, where ensemble methods again
maintain lower and more consistent values.
Overall, these visual insights affirm that
ensemble learners, particularly XGBoost
offer a favorable trade-off between scala-
bility and precision, making them suitable
candidates for solving small to moderate-
sized linear systems when exact methods
are impractical.

5 Conclusion

This study compared traditional analytical
techniques with advanced machine learn-
ing techniques in order to solve small scale
linear systems under both ideal and noisy
settings. Experiments for systems where n
= 2,3,4 showed that Cramer’s rule works
remarkably well for clean, noise-free data.
Its accuracy is almost unmatched in these
situations. But the study also showed how
quickly even little disruptions or computa-
tional errors cause its performance to de-
cline. These flaws make it less appropriate
for real-world applications involving uncer-
tainty or scarce resources, in addition to its
high computing cost.

On the other hand, a number of supervised
learning algorithms, like Random Forest
and XGBoost, demonstrated robust and
reliable outcomes. They solved problems
far more quickly than conventional ana-
lytical techniques and maintained an ac-
ceptable accuracy in both clean and noisy
situations. They might be sensible op-
tions for real-time or low-resource sys-
tems when an exact but slower solution
is not required because of this balancing
between speed and dependability. Over-
all, this work shows how integrating con-
cepts from machine learning and classical
computation may present new opportuni-

ties for effective problem solving. Future
studies could investigate broader or more
complicated systems or develop hybrid so-
lutions that combine the adaptability of
data-driven models with the clarity of an-
alytical techniques.
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