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Abstract Firstly, we have introduced a
generalized concept of metric spaces, named
generalized soft metric space, based on soft
points of soft sets, and some basic properties
regarding generalized soft metric space are
studied with examples. After that, we established
a fixed point theorem on generalized soft metric
space.
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1. Introduction

Soft set is a different approach to managing
uncertainty that adheres to real life conditions. It
was first introduced by Molodtsov [10] in 1999

as an expansion of fuzzy set theory [19].

Maji et al. [11] then conducted a thorough
analysis of this idea. Consequently, researchers
began to formalize various mathematical
structures in this context, such as metric spaces,
normed linear spaces, topology etc [14, 15, 16,

20], and the work advanced quickly.

Majumdar and Samanta [12] introduced the
concept of soft mapping. In [14, 15], Das and
Samanta presented the ideas of soft real set, soft
real number, soft point, and soft metric spaces
and examined some of their properties. After

that, work in this area is progressing very fast.
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Nowadays, Guler et al. [2] have studied the
behavior of G-metric spaces in soft set settings

and gave the notion of soft G-metric spaces.

Afterwards, Guler and Yildirim [3] have also
introduced soft G-complete metric spaces, and
some fixed point results are investigated. In
2018, Aras et al. [7, 8] induced soft S-metric
spaces, sequential compact soft S-metric spaces,
soft complete S-metric spaces, etc. and some of

its important properties are discussed.

In 2020, Aras et al. [9] induced soft D-metric
spaces. In 2022, Sk. Nazmul and U. Badyakar
[17] introduced the concept of soft R-metric
spaces and established some fixed point results
in this space. In 2024, Sk. Nazmul and U.
Badyakar [18] introduced the concept of soft S, -
metric spaces and established some fixed point

results in this space.

M. Jleli et al. [21] and C. Vijender [6]
introduced the idea of generalized metric spaces.
After that, they proved some fixed point results

in this space.

In this study, we have introduced the concept of
soft generalized metric spaces using soft points.
After that, some properties are established with
proper justifications. Finally, a fixed point result

is established in this space.

1. Preliminaries
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Following [1, 4, 5, 10, 11, 13, 14, 15], we provide
certain definitions, which are essential for the

main discussions.

Definition 2.1 Let F: A —» P(X) be a mapping,
where P(X) be the power set of a set

X (# ¢) and A (# ¢) € E, the set of parameters.
Then (F, A) is named a soft set over X.

Definition 2.2 The soft set (F,A) over X, is

said to be

« an absolute soft set if F(a) = X,V a € A and it
is denoted by X.

« a soft point if F(a) € X and F(b) = ¢,V Db # a.
If F(a) = {x}, then the corresponding soft point
is denoted by P}.

Definition 2.3 A soft real set is a mapping
F:A - B(R), where B(R) is the collection of all
non-empty bounded subsets of R, the set of all

real numbers.

A soft real set is called soft real number if F(a) €
R. 7 is denoted by a soft real number where 7(a)
is an element of R,V a € A and T is a special type

of soft real number where r7(a) =,V a € A.

Definition 2.4 Two soft points P¥ and B, in X

are said to be unequal if either x + y or a # b.

Definition 2.5 For any soft real numbers f,§
in (R A), we say # £ (<) § or equivalently

§ =2 3)Fiff(a) < (<)3(a),VacEA.

Definition 2.6 Let S(X,A) and S(Y,B) be the
families of all soft sets over X and Y
respectively. The mapping f,:S(X,A) - S(Y,B)
is called soft mapping from X to Y; where f: X -
Y and ¢: A - B are two mappings such that the
image of a soft set (F,A) € S(X,A) under the

mapping f, is denoted by f,(F,A) = (f,(F),B)
and is defined by,

[fo (F)I(B)
[f(F@)], if 7' B)#¢
acp~1(B)
o, otherwise .

Definition 2.7 Let SP(X) be the collection of
all soft points of X and R(A)* be the set of all
non-negative soft real numbers. A mapping

p:SP(X) x SP(X) » R(A)*,  satisfying the

following conditions,
V P, Py, Pl € SP(X) ands 2 1,

- (P, PY) 20,

+5(P5, L) = Dif and only if P} = P),

«B(PE,PYL) = B(PLP),

- B(PE,PL) 2 5 (B(PE,PL) +B(PA, PL)),
is called a soft b -metric on X and (X,p,A4) is a
soft b -Metric Space.
3. Generalized Soft Metric Spaces

Let X be a nonempty set, A be a nonempty set of
parameters and

D:SP(X) x SP(X) » R(A)* be a given mapping.
For every Py € X, let us define the set

C(D,X,PY) = {({P},} c X: imD(P},, P) = 0J.
n—-oo

Definition 3.1 We say that D is Soft
generalized metric on X if it satisfies the
following conditions:

«D(P{,B)) S 0,V Py,PY €X.

« for every P, B € X, we have

D(P;,B)) = 0=>PF =P
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- for every P, B € X, we have
D(PY,B)) = D(B, Py)
« there exist ¢ S 1 such that if Py,P} E X,
{P.} € C(D,X,PD), then
D(Py,PY) £ Clim sup,_.D(P},, B)).

In this case, we say the pair (X,D) is a

generalized soft metric space.

Example 3.2 Let X(# ¢) c Rand A(# ¢)

be finite subset of R.

Define D:SP(X) x SP(X) - R(A)* by
D(PY,B)) = [x—y|+|A—pml VPP €X
Choose {P;",}, sequence of soft points of (X, A),

such that P, (1) = %,V n € N.

Then clearly (X,D) is a generalized soft metric

space.

Remark 3.3 If the set C(D, X, Py) is empty for
every Py € X, then (X,D) is a generalized soft
metric space if and only if (1) and (2) are
satisfied.

If we take ¢ = 1, then generalized soft metric

space (X, D) is a soft metric space.

Definition 3.4 Let (X,D) be a generalized
metric space. Let {P},} be a sequence in X and
Py € X. We say that {P},} is soft D- converges
to Py if {Pj,} € C(D, X, PY).

Example 3.5 In Example 3.2, the sequence

{Py,} is soft D- converges to Py.

Proposition 3.6 Let (X,D) be a generalized
soft metric space. Let {P},,} be a sequence in X

and P, P} € X.If {P},} is soft D- converges to
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Py and {Py,} is soft D- converges to P;, then

Pf = p}.
Proof. Using the property (3), we have
D(Py,PY) £ Clim sup,.D(PiB)) £ 0,

which implies from the property (1) that

PF = p}.

Definition 3.7 Let (X,D) be a generalized soft
metric space. Let {P;,} be a sequence in X. We
say that {Py,} is a soft D- Cauchy sequence if

; x x =0
m!gEOOD(P/Ln' Pl,m+n) =0

Example 3.8 In Example 3.2, the sequence

{P;,} is soft D- Cauchy sequence.

Definition 3.9 A generalized soft metric space
(X,D) is said to be a soft D-complete if every
soft D-Cauchy sequence in X is converges to
some soft element in X and is said to be D-

incomplete if it is not D-complete.

Example 3.10 A generalized soft metric space
(X, D) defined in Example 3.2 is soft D-complete.
If we take (X', A) € X where X'(1) = (0,2] in real
line and Y(u) = ¢,V 1 # 4, then there does not
exist any P in (X, A) such that P}, > P} in
(X', D).

i.e.,{Py,} is a Cauchy sequence in (X', D) that is
not convergent in (X', D). So, (X',D) is not D-

complete.

Theorem 3.11 Any soft b-metric on X is a soft

generalized metric on X.

Proof. let d be a soft b-metric on X. We have just
to proof that d satisfies the property (3). Let



P¥ € X and {Pj} € C(d,X,P}). For every

PZV

% € X, we have,

d(Pf,P)) £ S{d(Pf, Py) +d(Pi, B} for
every natural number n.
Thus we have,
d(Py,B) £ 5lim supd (P}’ B)).
The property (3) is then satisfied with ¢ = .

Definition 3.12 Let (X, D) be a generalized soft
metric space and

fp:(X,D) - (X,D) be a soft mapping. Let
k € R(A) such that 0 < k < 1. We say that f,

is a soft k- contraction if

D(f,(PY). f,(BY)) € kD(P},B)), for  every

Py,p; E X.

Example 3.13 Consider a generalized soft
metric space (X,D) defined in Example 3.2.
Define fp: (X,D) = (X,D) by

X
fo,(PY) = PLVPY E X.
F

Now, V Py, P, € X,

x Y x
D(Pf,Pf) ==

2 2

=(3) (k-1 + 2]
= ) D(PY R
Therefore, if we choose k = (;T), then

D (1, (P00 1, (B2)) 2 ED(EEEY),
for every PP} € X.

i.e., f, is a soft k- contraction mapping.

Proposition 3.14 Let f, be a soft k-
contraction mapping for some k € R(A) with
0 < k 2 1. Then any fixed soft point Pz € X of

f, satisfies
D(PZ,PZ) < oo = D(PZPZ) = 0.

Proof. Let PZ € X be a soft fixed point of f,, such
that D(P5,P5) < . Since f, is a soft k-

contraction, We have,

D(PL,P3) = D(f,(PE). f,(P3)) 2 kD(PE, PE),
which implies that D(PZPZ) = 0, since
0 < k 2 1and D(PZ P?) < .

Note: For every Py € X, let

8(D, fo P7) = Sup{@(f;i(Pf),f;;(Pf))i,j € N}.

Theorem 3.15 Suppose that the following

conditions hold:

« (X,D) is complete;

* f,, is a soft k- contraction where 0 < k < 1;
« there exist P}’ € X such that §(D, f,,, P) < oo.

Then {f»(P;)} soft D- converges to P}, a fixed
soft point of f,. Moreover, if P, € X is another
fixed soft point of f, such that D(PZ, P)) < oo,

then P} = P},

Proof. Let n €N (n >1). Since f, is a soft k-

contraction, for all i, j € N, we have

D (kPO £ (P) 2 RD (£, f D)),

which implies that,
) (7_), forfon (P,{‘)) < ks (D, forfynt (Pj‘))-

Then for every n € N, we have
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5(D fp f1n(P)) Z K"6(D, ., PY)

Thus for every n,m € N, we have

Define D:SP(X) x SP(X) -» R(A)* by
D(PY,P)) = [x—y|+[A—ml, VPP EX

Let {P;’,}, sequence of soft points of (X, A), such

D (Fin (P, 1 (P)) 2 8 (D fip fn(P)) 2 R"8(D, £, PF).

Since &§(D,f, P{) < o and 0< k X1, we
obtain
. n x n+m px\\ =~ n
i (AR 0D) = T
which implies that {f,;(P;)} is a soft D- Cauchy
sequence.

Since (X,D) is soft D- complete, there exists
some PS € X such that {f;»(P;)} is soft D-

convergent to P.

On the other hand, since f, is a soft k-

contraction, for all n € N, we have
D (Fth (P 1, (D) 2 D (£ (P, B3
Letting n — oo in the above inequality, we get
lim D (5B, £ (P) = O,

Then {f(;n (P)} is a soft D- convergent to fo(P5).
By the uniqueness of limit, we get P; = f,(P}),

that is P} is fixed soft point of f,,.

Now, suppose that B, € X is a fixed soft point of
f such that D(PZ, B) < co. Since f,, is a soft k-
contraction, we have

D(P% ) = D (f,(P5). £,(B)) E kD(PS,BD),
which implies that PZ = P

4. Application

Choose A = [-2,0) and X(1) = [-1 1], ¥ 1 € A.
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that P{',(1) ==,vn €N,

Then clearly (X,D) is a generalized soft metric

space. Also, (X, D) is complete.
Define ¢:A—>A by o¢Q) = %,va €A and
fil=34 - [ by fF) =2, vx € [-52].

Let  f,;(X,D)-> (X,D) be such that

I

fo(PY) =PI,V PF E X.

I

PLV P} E X,

2

i.e., fo,(PY)

Then from Example 3.13, we have f,, is a soft k-

contraction.

Thus, all the conditions of Theorem 3.15 are

satified. So, from the condition f, has a fixed soft

point. Here P? is fixed soft point.
5. Conclusion

In the present paper, we have introduced the
generalized soft metric space, and some of its
basic properties are studied. Also, we have
established some significant fixed point results
in this setting. Our prospect is that this
investigation has great weight and will support
the researchers in cultivating new concepts in

the field of soft fixed point results.
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